Let F be a plane singular curve defined over a finite field F q . Via results of [11] and [1], the linear system of plane curves of a given degree passing through the singularities of F provides potentially good bounds for the number of points on a non-singular model of F. In this note, the case of a curve with two singularities such that the sum of their multiplicities is precisely the degree of the curve is investigated in more depth. In particular, such plane models are completely characterized, and for p > 3, a curve of this type attaining one of the obtained bounds is presented.
Introduction
For a prime number p, let F q be the finite field with q elements, where q is a power of p. Let F be a (projective, geometrically irreducible, algebraic) plane curve of degree d, genus g, defined over F q . Denote by N m (F ) the number of F q m -rational points on a non-singular model of F (or equivalently, the number of F q m -rational branches of F ), where m ≥ 1 is an integer. One of the most challenging problems regarding F is the determination of the number N m (F ) in terms of q, d, g and other covariants. In fact, there are only few families of curves for which such an explicit formula for N m (F ) is known, see [3, 4, 6, 9] for instance. This fact has been motivating the search for estimates for N m (F ) over the last years. The most remarkable of them is the Hasse-Weil bound, presented by A. Weil in the 1940s, which states
Introduced in 1986, the Stöhr-Voloch technique is also one of the most significant approaches to estimate N m (F ) [11] . This technique depends on the linear series of the curve. More precisely, let g r n be a base-point-free linear series on F of degree n and dimension r, defined over F q m . The Stöhr-Voloch main theorem [11, Theorem 2.13 ] states that, associated to g r n and q m , there exists a sequence of non-negative integers (ν 0 , . . . , ν r−1 ), with 0 = ν 0 < · · · < ν r−1 , such that N m (F ) ≤ (ν 1 + · · · + ν r−1 )(2g − 2) + (q m + r)n r .
1
The bound (2) improves the Hasse-Weil bound in many instances (see [11] ). In [1] a bound obtained via a variation of Stöhr-Voloch method is presented: if g r n is defined over F q , given positive integers u, m with u < m and gcd(u, m) = 1, there are positive integers c i (depending on i and g where (κ 0 , . . . , κ r−2 ) is a sequence of non-negative integers, which depends also on g r n , such that 0 ≤ κ 0 < · · · < κ r−2 , see [1, Theorem 4.4] . Here, we have c 1 ≥ q u + 2(r − 1) and c m−u ≥ q u , and these numbers can be bigger depending on some properties of F and g r n . As shown in [1] , the bound (3) improves Hasse-Weil and Stöhr-Voloch bounds in many situations.
It can be seen directly from (2) that the application of the Stöhr-Voloch method to a linear series g r n such that r is large compared to n, has good chances to yield efficient upper bounds for the number of rational points on a non-singular model of the curve. The same holds for bound (3) . In this sense, given a plane singular curve F , we show that the bounds for the number of its rational points arising from linear systems of plane curves of the same degree passing through the singularities of F are potentially good (Section 3). The case in that F satisfies the following property is investigated more in depth (Section 4): (H) F has at least two singularities P 1 and P 2 defined over F q with multiplicities r 1 and r 2 , respectively, such that r 1 + r 2 = d.
In particular, in Theorem 4.1, we present the bounds (2) and (3) obtained via the linear system of conics passing through the sigularities of a curve F satisfying (H). For suitable values of d, these bounds are better than bounds arising from complete linear systems of lines and conics. In Section 5, the plane models satisfying such property are completely characterized via their equations and the respective generators of the function fields (Theorem 5.2). Moreover, in Proposition 5.3, it is shown that every projective algebraic curve with at least two rational branches has a plane model for which (H) holds. We finish Section 5 by presenting, for every q with p > 3, a plane curve M satisfying (H), defined over F q , that attains the bound (3) obtained in this way.
Background and notation
Notation and terminology are standard. Our main references are [1, 8, 11] . As before, F q denotes a finite field of order q, where q is a power of a prime number p. Let F q denote the algebraic closure of F q . Furthermore, F stands for an algebraic projective geometrically irreducible plane curve of degree d, genus g and with affine equation
defined over F q . Denote by X a non-singular model of F . Then the points on X are in correspondence with the branches of F , see [8, Theorem 5.29] . The function field of F is
Let H be a plane curve such that F is not a component of H. For a branch γ of F centered at P ′ ∈ F , the intersection multiplicity between γ and H is denoted by I(P ′ , H ∩ γ). If P ∈ X is the point associated to γ, and H is defined by the equation
, where v P denotes the discrete valuation with respect to P ([8, Definition 4.34]). Moreover, according to [8, Theorem 4 .36], the intersection multiplicity between F and H at some Q ∈ P 2 (F q ), denoted by I(Q, F ∩ H), satisfies
with the sum running over all branches γ of F centered at Q. Let Q ∈ P 2 (F q ) and denote by m Q (F ) the multiplicity of Q in F . A line ℓ is said to be tangent to
The intersection divisor of H is defined by
where γ P is the branch of F corresponding to P ∈ X centered at P ′ ∈ F . Let Σ be a linear system of plane curves of degree t. Then Σ cuts out on F a (not necessarily complete) linear series g is said to be base-point-free. Let E be an effective divisor on F such that g r n ⊆ |E| (here, |E| denotes the complete linear series determined by E).
, where L(R) denotes the Riemann-Roch space of a divisor R. Thus Σ cuts out on F a base-point-free linear series g r n−degB ⊆ |E − B|. Roughly speaking, we exclude the base locus of g r n , and then we obtain a base-point-free linear series g r n , where n =ñ − degB. The base-point-free linear series g r n gives rise to a model of F of degree n in P r (F q ), see e.g. [8, Section 7.4] . From [11, Section 1] , given a branch γ of F , there exists a sequence of non-negative integers (j 0 (γ), . . . , j r (γ)), such that j 0 (γ) < . . . < j r (γ), called the order sequence of γ with respect to g r n , which is defined by all the possible intersection multiplicities of γ with some curve of Σ. For a non-singular point P ∈ F , this sequence is also called order sequence of P , and its terms denoted by j i (P ), for i = 0, . . . , r. From [11, Section 1], except for a finite number of branches of F , this sequence is the same. Such sequence is called the order sequence of F with respect to Σ (or g r n ), and it is denoted by (ε 0 , . . . , ε r ). When (ε 0 , . . . , ε r ) = (0, . . . , r), the curve F is said to be classical with respect to Σ; otherwise, F is called non-classical.
For a given branch γ of F centered at Q, by [11, Theorem 1.1], there exists a unique curve
The curve C γ is the osculating curve (with respect to Σ) to F at γ. When Σ is the linear system of lines, then C γ is called the tangent line at γ. In this case, one can show that C γ is tangent to F at Q in the usual sense. If P ∈ X is associated to γ, we also say that C γ is the osculating curve at P . Suppose that g r n is defined over F q . Let {f 0 , . . . , f r } be a basis of the RiemannRoch space associated to g r n , with f i ∈ F q (F ), and let τ be a separating variable of the extension F q (F )/F q . By [11, Proposition 2.1], there exists a sequence of non-negative integers (ν 0 , . . . , ν r−1 ), chosen minimally in the lexicographic order, such that
where D 
Such sequence, which is not dependent on the basis {f 0 , . . . , f r } (by [1, Proposition 3.2]), is called (q u , q m )-Frobenius order sequence of F with respect to Σ. In this case, we also have the concept of (q u , q m )-Frobenius (non)classicality in the sense of the previous cases. In its turn, the sequence (κ 0 , . . . , κ r−2 ) is the key ingredient for the determination of bound (3).
Linear systems through singular points
Let F be a plane curve of degree d defined over F q with the same notation as in Section 2. Consider P 1 , . . . , P k ∈ F with multiplicities r 1 , . . . , r k , respectively. From the discussion after [8, Definition 5 .58]
and equality holds if {P 1 , . . . , P k } contains all singularities of F and each of them is ordinary. We fix an integer t with t < d, and positive integers s 1 , . . . , s k . Let Σ t be the linear system of all projective (possibly reducible) plane curves C of degree t passing through each P i with multiplicity at least s i . From the proof of [8, Lemma 3 .24], this requirement imposes at most
linear conditions on C. Therefore, the integers t, s 1 , . . . , s k must be chosen in such a way that the number
is non-negative. As explained in Section 2, Σ t cuts out on F a (not necessarily complete) linear series g r td of degree td and dimension r. A basis of the Riemann-Roch space associated to g r td can be obtained via a basis of Σ t modulo F (X, Y, Z), where F (X, Y, Z) denotes the homogenization of f (X, Y ) with respect to Z. Since t < d, linear independence means linear independence modulo F (X, Y, Z). Therefore, r coincides with the dimension of Σ t ; in particular, r ≥ h (see e.g. [5, Section 5.2]). Thus, if B denotes the base locus of g r td , we conclude that Σ t cuts out on F a base-point-free linear series g r n , where n = td − degB.
s i r i , and the strict inequality holds if and only if some tangent line to F at some P i is also a tangent line to every curve of Σ t at P i .
Proof. The points in the support of B are the points P ij on the non-singular model X of F corresponding to the branches γ ij of F centered at P i , i = 1 . . . , k. Furthermore, if ord(γ) denotes the order of the branch γ, then
and the strict inequality holds if and only if the tangent line to γ ij is tangent to every curve of Σ t at P i . Since j ord(γ ij ) = m P i (F ) = r i , the result follows.
From now on we assume that g r n is simple, and that P 1 , . . . , P k are in general position (with respect to t and s 1 , . . . , s k ). In particular,
Suppose that each P i is defined over F q , for i = 1, . . . , k. 
Hence, if the P i s are singular, and we impose s i < 2r i − 1 for all i = 1, . . . , k, when we switch from g r ′ n ′ to g r n , the degree decreases more than the dimension. This indicates that bounds (2) and (3) are potentially better when applied to g r n than to g r ′ n ′ . The following example illustrates this fact concerning the Stöhr-Voloch bound (2) 
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Let us recall that F is a plane curve of degree d and genus g defined over F q . In this section, we investigate the cases for which the hypothesis (H) presented in Section 1 holds, that is, (H) F has at least two singularities P 1 and P 2 defined over F q with multiplicities r 1 and r 2 , respectively, such that r 1 + r 2 = d.
Note that, in particular, d ≥ 4. The main result of this section is the following.
Theorem 4.1. Let F be a plane curve of degree d defined over F q satisfying (H). Assume that F is F q m -Frobenius classical with respect to the linear system of conics passing through P 1 and P 2 . Then
Furthermore, if F is (q, q m )-Frobenius classical, then there are integers c m ≥ 2, c m−1 ≥ q and c 1 ≥ q + 4 such that
Proof. Setting s 1 = s 2 = 1 in Proposition (3.1) and (10), we conclude that the linear series g r n cut out on F by the linear system of conics passing through P 1 and P 2 is such that n ≤ d and r = 3 1 . From (8) we obtain g ≤ r 1 r 2 − r 1 − r 2 + 1. Hence (12) follows (a) F is F q m -Frobenius classical with respect to the linear system of conics passing through P 1 and P 2 and p > 3;
Proof. Assume that p > 3. If F is F q m -Frobenius classical with respect to g yields, respectively,
and
Bound (12) is better than both bounds (14) and (15) if
Example 4.3. Let F defined over F 13 by the affine equation
It can be straightforwardly checked that F satisfies (H). The genus of F is g = 25 and N 1 (F ) = 48. According to Theorem 4.1, Corollary 4.2 and the above remarks, we have the following: Bound
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We point out that bound (13) improves bound (12) in many situations. For instance, if m = 2, this happens in particular if
However, as will be seen in Section 5, bound (13) may improve bound (12) even if (17) does not hold.
Characterization of plane models satisfying (H) and a curve attaining bound (13)
The aim of this section is twofold. First, we give a characterization, up to projective transformation, of the plane models of curves satisfying (H). Then, we finally present a curve for which equality holds in (13) 
(ii) P ∈ X is a pole of x if and only if the corresponding branch is centered at O 1 , and Q ∈ X is a pole of y if and only if the corresponding branch is centered at O 2 .
(iii) ℓ ∞ is not tangent to F neither at O 1 nor at O 2 .
Proof. (i) and (ii) follow from (18). For (iii), assume that ℓ ∞ is tangent to F at O 1 . From (5) and the fact that the number of tangents to F at O 1 is finite, it follows that there exists a branch γ of F centered at O 1 for which ℓ ∞ is tangent to. Then
. Let P ∈ X be the point associated to γ. Since P has weight I(O 1 , ℓ ∞ ∩ γ) on ℓ ∞ · F and weight I(O 1 , ℓ 2 ∩ γ) on ℓ 2 · F , it follows that P is a pole of y, contradicting (ii). Hence the assertion follows. The same argument holds for O 2 .
Theorem 5.2. Let F : f (X, Y ) = 0 be an irreducible plane curve of degree d defined over a field K. Let x, y ∈ K(F ) be such that K(F ) = K(x, y) and f (x, y) = 0. The following assertions are equivalent:
(a) The functions x and y have no common poles, with deg(div(x) ∞ ) = l and deg(div(y) ∞ ) = m. . From Lemma 5.1(i) we conclude that F d = αXmYl for some α ∈ K * , withm,l > 0. We may assume that α = 1, and so F : XmYl +g(X, Y ) = 0, where g(X, Y ) ∈ K[X, Y ] has degree n < d. We will proceed to prove that the variable Y has degree ≤l on g(X, Y ), with the proof for the variable X being analogous.
Let
, with i ∈ {0, . . . , k} and a k (x) = 0, be such that
where
with A i (X, Z) denoting the homogenization of a i (X) with respect to Z. Thus
Assume that k >l. Then the tangents to F at O 2 are defined by the linear factors of A k (X, Z)Zm +l−d k −k . In particular, ℓ ∞ is one of these tangents, contradicting Lemma 5.1(iii). Thereforel ≥ k. It remains to show thatm = m andl = l. But this follows from
Conversely, assume that (b) holds. It is easy to see that
In the same way, one can see that
Hence it follows from (18) that x and y have no common poles. By (20), equivalence between (a) and (b) is established. Now, (b) implies (c) straightforwardly. Assume that (c) holds. Since the multiplicity of O 2 in F is m, we have
In particular, we see that Y has degree l on f (X, Y ); analogously, it can be shown that X has degree m on f (X, Y ). Hence, X has degree ≤ m on each term of the sum on the right side of (22). Therefore, (b) holds.
The next result shows that hypothesis (H) is not so restrictive.
Proposition 5.3. Let F be a plane curve defined over a field K with at least two branches defined over K. Then F has a plane model satisfying (H).
Proof. Denote by d the degree of F and consider the K-rational branches γ 1 and γ 2 of F centered at P 1 and P 2 , respectively. Denote by r 1 and r 2 the multiplicities of P 1 and P 2 , respectively. After a K-projective transformation, we may assume that P 1 = (1 : 0 : 0), P 2 = (0 : 1 : 0), and (0 : 0 : 1) / ∈ F . Then, it follows from [5, Section 7.4 (2) and (3) 
The generalized Artin-Mumford curve
Henceforth, the characteristic of the field F q is assumed to be p > 3. The generalized Artin-Mumford curve M is the projective closure of the curve defined by the affine equation
over the ground field F q . It is straightforward to check that M has only two singularities, namely O 1 = (1 : 0 : 0) and O 2 = (0 : 1 : 0), both q-fold ordinary. In particular, M satisfies (H), and from (8) it follows that it has genus g = (q − 1) 2 . Let F q (x, y) be the function field of M, where (x q − x)(y q − y) = 1. Let us consider the linear system Σ of conics passing through O 1 and O 2 . Denote by g 3 n the linear series arising from Σ. Note that the conic C ∈ Σ, where C is defined by Z 2 = 0, does not share tangents with M neither at O 1 nor at O 2 . Thus from Proposition (3.1), we have that n = 2q. Furthermore, {1, x, y, xy} is a basis for the Riemann-Roch space associated to g Recall that N r (M) denotes the number of F q r -rational points on a non-singular model of M. The bound (3) with m = 2 and u = 1 obtained via Σ reads
where (κ 0 , κ 1 ) denotes the (q, q 2 )-Frobenius order sequence of M with respect to Σ. If (κ 0 , κ 1 ) = (0, 1), then (24) coincides with (13) . In what follows, we show that equality holds in (24). As before, X stands for a fixed non-singular model of M. We start by counting the rational points on X . Proof. Clearly, (X q − X)(Y q − Y ) = 1 has no F q -rational solutions. The tangent lines to M at O 1 are defined by y = a, with a ∈ F q , and the tangent lines to M at O 2 are defined by x = b with b ∈ F q . Hence N 1 (M) = 2q.
In order to compute N 2 (M), we only have to count the number of F q 2 -rational solutions of (X q − X)(Y q − Y ) = 1, since those are all non-singular. To this end, consider the map
We claim that δ −1 ∈ Im(ψ) for all nonzero δ ∈ Im(ψ). Indeed, since Im(ψ) is the kernel of the trace map of F q 2 onto F q , we have δ ∈ Im(ψ) ⇔ δ q + δ = 0. Thus
whence the claim holds. For a ∈ F *
Taking into account the fibers of ψ(a) and ψ(a) −1 via ψ, we obtain q 2 distinct points associated to ψ(a). Thus from #(Im(ψ) * ) = q − 1, we have q 2 (q − 1) F q 2 -rational points obtained in this way. Since every affine F q 2 -rational point P ∈ M arises from the procedure described above, we conclude that the number of F q 2 -rational points of M that are not F q -rational is q 2 (q − 1). Therefore, the result follows by adding the 2q points that are F q -rational.
The aim of the following sequence of results is to compute κ 0 and κ 1 , and to estimate c 1 and c 2 in bound (24). Note that if abc = 0 the point P = (a : b : c) ∈ M is non-singular; so it can be identified with an unique point of X . Lemma 5.5. Let P = (a : b : 1) ∈ M. The osculating conic to M at P is the projective closure H P of the irreducible conic defined by g P (X, Y ) = 0, where
In particular, H P ∈ Σ for all P = (a : b : 1) ∈ M. Furthermore, I(P, M ∩ H P ) ≥ q for all such P .
Denote by C P the projective closure of the curve defined by g P (X, Y ) = 0. From (26) we obtain
Hence v P (g P (x, y)) ≥ q, i.e., I(P, M ∩ C P ) ≥ q. It is easy to check that C P is nonsingular; in particular, it is irreducible. Let H P be the osculating conic to M at P . Then [7, Theorem 1] implies that I(P, M ∩ H P ) ≥ q. Thus by [2, Lemma 3.3] we have I(P, C P ∩ H P ) ≥ q. As we are assuming that p > 3,
Therefore, by Bézout's Theorem, the curves C P and H P have a common component. However, since C P is irreducible, it follows that C P = H P .
Lemma 5.6. The curve M is non-classical w.r.t. Σ with order sequence (0, 1, 2, q).
Proof. Let (ε 0 , ε 1 , ε 2 , ε 3 ) be the order sequence of M w.r.t. Σ. Here ε 0 = 0, ε 1 = 1 and ε 2 ≥ 2. In view of Lemma 5.5, ε 3 ≥ q. Assume that ε 2 > 2. By [11, Corollary 1.9], it follows that ε 2 ≥ p. Let P ∈ X be a Σ-ordinary point, that is, j i (P ) = ε i for all i = 0, 1, 2, 3. Choose a conicC P for which I(P, M ∩C P ) = ε 2 and let H P be the osculating conic to M at P . Note that H P =C P . Since ε 2 ≥ p, from [2, Lemma 3.3] we have I(P,C P ∩ H P ) ≥ p ≥ 5 > deg(C P ) · deg(H P ).
Again by Bézout's Theorem, the curvesC P and H P have a common component. But from Lemma 5.5, the conic H P is irreducible. Thus H P =C P , a contradiction. Hence ε 2 = 2.
In view of (26) and [8, Theorem 7 .65], we conclude that ε 3 = q.
Let M(F q ) = {P a , Q b | a, b ∈ F q } be the set of F q -rational points of X . Here, each P a (resp. Q b ) corresponds to a branch of M centered at O 2 (resp. O 1 ) for which the line x = a (resp. y = b) is tangent to. Regarding F q (x, y) as an elementary p-abelian extension of degree q of F q (x), we obtain that div(x − a) 0 = qP a for all a ∈ F q ; see [ 
Lemma 5.7. Let γ be an F q -rational branch of M. The order sequence of γ with respect to Σ is (0, 1, q, q + 1).
Proof. Let P ∈ X be the point corresponding to γ. Without loss of generality, we may assume that P = P a for some a ∈ F q . Then (27) implies v P (y −1 ) = 1 and v P (x − a) = q. Furthermore, we have v P ((x − a)y −1 ) = q + 1. Since {1, y −1 , x − a, (x − a)y −1 } is another basis of the Riemann-Roch space associated to g 3 2q , the proof is complete. Proposition 5.8. Let r be a positive integer. The curve M is F q r -Frobenius non-classical w.r.t. Σ if and only if r = 2.
Proof. First, note that x is a separating variable of F q (M). From (6), the curve M is 
Since the order sequence of M is (0, 1, 2, q) (Lemma 5.6), we conclude from (28) and [11, Corollary 1.3] that M is F q r -Frobenius non-classical w.r.t. Σ if and only if Φ q r (P ) ∈ H P for infinitely many points P ∈ X , where H P is the osculating conic to M at P and Φ q r : X → X is the F q r -Frobenius map. Thus by Lemma 5.5, the last assertion is equivalent to the function (xy − 1) q − x q y q r − y q x q r + x q r y q r = (x q r−1 − x)(y q r−1 − y) − 1 q
